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Abstract
One version of the polycirculant conjecture states that every vertex-transitive graph
has a non-identity semiregular automorphism that is, a non-identity automorphism whose
cycles all have the same length. We give a proof of the conjecture in the arc-transitive case
for graphs of valency 8, which was the smallest open valency.
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1

Introduction

All graphs considered in this paper are finite and simple. An automorphism of a graph Γ
is a permutation of the vertex-set V(Γ) which preserves the adjacency relation. The set of
automorphisms of Γ forms a group, denoted Aut(Γ). A graph Γ is said to be G-vertextransitive if G is a subgroup of Aut(Γ) acting transitively on V(Γ). Similarly, Γ is said
to be G-arc-transitive if G acts transitively on the arcs of Γ. (An arc is an ordered pair of
adjacent vertices). When G = Aut(Γ), the prefix G in the above notation is sometimes
omitted.
A group G acting on a set Ω is semiregular on Ω if the stabiliser Gω is trivial for
every ω ∈ Ω; note that this implies that the action is faithful. An element g ∈ G is
called semiregular provided that it generates a semiregular group. Equivalently, an element
g ∈ G is semiregular if hgi acts faithfully on Ω and that all of the cycles of the permutation
induced by g have the same length.
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In 1981, Marušič conjectured [7] that every vertex-transitive graph with at least two
vertices has a non-identity semiregular automorphism. This is sometimes called the polycirculant conjecture. While there has been a lot of work on this conjecture and some of
its variants, it is still wide open. There has been progress in some directions (see [6] for a
survey). For example, the conjecture has been settled for graphs of certain orders [2, 7, 8]
and for graphs of valency at most four [1, 8].
In the arc-transitive case, slightly more can be said, but we first need a few definitions.
Γ(v)
If Γ is a graph and G ≤ Aut(Γ) then Gv denotes the permutation group induced by the
action of the vertex-stabiliser Gv on the neighbourhood Γ(v) of the vertex v. A permutation
group is called quasiprimitive if each of its nontrivial normal subgroup is transitive, while
Γ(v)
a vertex-transitive graph Γ is called locally-quasiprimitive if Aut(Γ)v is quasiprimitive.
Using this terminology, we have the following theorem due to Giudici and Xu.
Theorem 1.1. [5, Theorem 1.1] A locally-quasiprimitive vertex-transitive graph has a nonidentity semiregular automorphism.
A transitive group of prime degree is clearly quasiprimitive (in fact primitive) and hence
it follows from Theorem 1.1 that arc-transitive graphs of prime valency have a non-identity
semiregular automorphism. In an upcoming paper [4], the author and Giudici deal with the
case of arc-transitive graphs of valency twice a prime. The main result of this paper is to
prove the polycirculant conjecture for arc-transitive graphs of valency 8, the smallest open
valency.
Theorem 1.2. An arc-transitive graph of valency 8 has a non-identity semiregular automorphism.
The prime 2 plays a special role in our proof. In some sense, we use the fact that any
proper factorisation of 8 must include 2 as one of the factors. In particular, if Γ is a Garc-transitive graph of valency 8 and N is a normal subgroup of G that is not semiregular
and that has at least three orbits then the quotient graph Γ/N is an arc-transitive graph of
valency either 2 or 4. In the former case, we can view Γ/N as an asymmetric arc-transitive
digraph of out-valency 4, which turns out to be very useful (see Theorem 2.7). In the latter
case, the valency of Γ is exactly twice the valency of Γ/N which gives us very precious
information about the kernel of the action of G on N -orbits (see the proof of Theorem 1.2).
This special role of the prime 2 is also evident in the proof of the case of valency twice
a prime [4]. In the more general case of valency a product of two primes, Xu [13] has made
significant progress and it seems the bottleneck is the case when G is solvable. (See [3] for
some results in this case.)

2
2.1

Preliminaries
Permutation groups

We start with a few very basic lemmas about permutation groups. Since the proofs are
short, we include them for the sake of completeness.
Lemma 2.1. Let p be a prime and let G be a transitive permutation group of degree a
power of p. Then G contains a non-identity semiregular element.
Proof. Let S be a Sylow p-subgroup of G. By [12, Theorem 3.4’], S is transitive. Let z
be a non-identity element of the centre of S. If z fixes a point then it must fix all of them,
which is a contradiction. It follows that z is semiregular.
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Lemma 2.2. If G is a transitive permutation group with a non-trivial abelian normal subgroup N that has at most two orbits, then N contains a non-identity semiregular element.
Proof. If N is semiregular then we are done. We may thus assume that there exists a nonidentity element n ∈ N fixing some point v. Since N is abelian, n fixes the N -orbit v N
pointwise. It follows that N has exactly two orbits. Let u be a point not in v N and let
g ∈ G such that v g = u. Then n acts semiregularly on uN , while ng fixes uN pointwise
and acts semiregularly on v N . It follows that nng is a non-identity semiregular element of
N.
Lemma 2.3. Let G be a permutation group and let K be a normal subgroup of G such that
G/K acts faithfully on the K-orbits. If G/K contains a semiregular element gK of order
r coprime to |K| then G contains a semiregular element of order r.
Proof. There exists k ∈ K such that g r = k. Let h = g |k| . Since |k| and r are coprime,
it follows that |h| = r and hK is a non-identity power of gK hence it is semiregular.
We now show that h is semiregular. Suppose hi fixes a point v for some integer i. Then
hi K = (hK)i fixes v K and, since hK is semiregular, hi K = K. This implies that hi ∈ K.
Since h has order coprime to |K|, it follows that hi = 1.
Lemma 2.4. A transitive permutation group of degree 8 is either primitive or it is a {2, 3}group.
Proof. Let G be a transitive permutation group of degree 8 that is not primitive. Then G
has a non-trivial system of imprimitivity, with blocks of size either 2 or 4. It follows that
G is isomorphic to a subgroup of Sym(4) o Sym(2) or Sym(2) o Sym(4) and hence it is a
{2, 3}-group.
We also need the following folklore lemma
Lemma 2.5. Let p be a prime, let Γ be a connected graph and let G ≤ Aut(Γ). If, for
Γ(v)
every v ∈ V(Γ), |Gv | is coprime to p, then so is |Gu | for every u ∈ V(Γ).
Proof. We prove this by contradiction. Let p be a prime dividing |Gu | for some u ∈ V(Γ)
and let g ∈ Gu have order p. Since g is non-trivial, it must move some vertex. Let w be
a vertex of Γ moved by g at minimal distance from u. By the connectivity of Γ, there is a
path u, u1 , . . . , ut , w such that g fixes each ui . Then g ∈ Gut and g acts nontrivially on
Γ(u )
Γ(ut ). Thus p divides |Gut t | and the result follows.
2.2

Quotient graphs

We will need some basic facts about quotient graphs, which we now collect. (For a reference, see [11] for example.)
Let Γ be a graph and let N ≤ Aut(Γ). The quotient graph Γ/N is the graph whose
vertices are the N -orbits with two such N -orbits v N and uN adjacent whenever there is a
pair of vertices v 0 ∈ v N and u0 ∈ uN that are adjacent in Γ. Clearly, if Γ is connected then
so is Γ/N .
Let Γ be a G-arc-transitive graph, let N E G and let K be the kernel of the action of G
on N -orbits. Then K = N Kv E G, G/K ≤ Aut(Γ/N ) and Γ/N is G/K-arc-transitive.
If N has at least 3 orbits then the valency of Γ/N is at least 2 and divides the valency of Γ.
If Γ/N has the same valency as Γ then N = K and K is semiregular.
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Some of these facts are used in the proof of the following lemma.
Lemma 2.6. Let p be an odd prime and let Γ be a connected 4-valent G-arc-transitive
graph such that p divides |V(Γ)|. If G is solvable then G contains a semiregular element
of order p.
Γ(v)

Proof. The proof goes by induction on |V(Γ)|. Let v ∈ V(Γ). If Gv
is a 2-group
then it follows from Lemma 2.5 that Gv is a 2-group and every element of G of order p is
Γ(v)
semiregular. We thus assume that Gv is not a 2-group and, since it is a transitive group of
degree 4, it is 2-transitive. Since G is solvable, it contains a non-trivial normal elementary
abelian q-group N . If N has at most two orbits then p = q and the result follows from
Lemma 2.2.
Γ(v)
From now on, we assume that N has at least three orbits. Since Gv is 2-transitive,
this implies that Γ/N is 4-valent and hence N is semiregular and G/N acts faithfully on
Γ/N . If p = q then N contains a semiregular element of order p and the conclusion holds.
Suppose now that p 6= q. Then Γ/N is a connected, 4-valent G/N -arc-transitive graph.
Since p is coprime to |N |, it divides |V(Γ/N )|. By the induction hypothesis, G/N contains
a semiregular element of order p. The result then follows from Lemma 2.3.
2.3

Digraphs

Finally, we will need a few notions about digraphs. We follow the terminology of [10]
closely. A digraph ~Γ consists of a finite non-empty set of vertices V(~Γ) and a set of arcs
A(~Γ) ⊆ V ×V , which is an arbitrary binary relation on V . A digraph ~Γ is called asymmetric
provided that the relation A(~Γ) is asymmetric.
If (u, v) is an arc of ~Γ then we say that v is an out-neighbour of u and that u is an
in-neighbour of v. The symbols ~Γ+ (v) and ~Γ− (v) will denote the set of out-neighbors of
v and the set of in-neighbors of v, respectively. We also say that u is the tail and v the
head of (u, v), respectively. The digraph ~Γ is said to be of out-valence k if |~Γ+ (v)| = k for
every v ∈ V(~Γ).
An automorphism of ~Γ is a permutation of V(~Γ) which preserves the relation A(~Γ). The
set of automorphisms of ~Γ forms a group, denoted Aut(~Γ). We say that ~Γ is arc-transitive
provided that Aut(~Γ) acts transitively on A(~Γ).
We say that two arcs a and b of ~Γ are related if they have a common tail or a common
head. Let R denote the transitive closure of this relation. The alternet of ~Γ (with respect
to a) is the subdigraph of ~Γ induced by the R-equivalence class R(a) of the arc a. (i.e. the
digraph with vertex-set consisting of all heads and tails of arcs in R(a) and whose arc-set
is R(a)). If the alternet with respect to (u, v) contains an arc of the form (v, w) then this
alternet is called degenerate.
If the alternet of the arc (u, v) is non-degenerate then it is a connected bipartite digraph
where the first bipartition set consists only of sources while the second bipartition set contains only sinks. An important case occurs when this alternet is in fact a complete bipartite
digraph in which case we will simply say that the alternet is complete bipartite. We say
that ~Γ is loosely attached if ~Γ has no degenerate alternets and the intersection of the set of
sinks of one alternet intersects the set of sources of another alternet in at most one vertex.
We define the digraph of alternets Al(~Γ) of ~Γ as the digraph the vertices of which are
the alternets of ~Γ and with two alternets A and B forming an arc (A, B) of Al(~Γ) whenever
the intersection of the set of sinks of A with the set of sources of B is non-empty.
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We are now ready to prove the following theorem.
Theorem 2.7. Let ~Γ be a connected asymmetric arc-transitive digraph of out-valence 4.
Then ~Γ has a non-identity semiregular automorphism.
Proof. The proof goes by induction on |V(~Γ)|. Since ~Γ is connected and arc-transitive
(and finite), it follows that it is vertex-transitive and strongly connected (see for example [9,
Lemma 2]).
Let v ∈ V(~Γ) and let G = Aut(~Γ). Without loss of generality, we may assume that
every prime that divides |G| also divides |Gv |. If Gv is a 2-group then the conclusion
follows from Lemma 2.1. We may thus assume that Gv is not a 2-group and hence neither
Γ+ (v)
Γ+ (v)
is a transitive permutation group of degree 4, it is 2-transitive.
. Since Gv
is Gv
Γ+ (v)
~
is a {2, 3}-group, hence so are Gv and G and thereSince Γ has out-valence 4, Gv
fore G is solvable by Burnside’s Theorem. It follows that G has an abelian minimal normal
subgroup N . If N is semiregular then the conclusion holds. We may thus assume that
Γ+ (v)
Γ+ (v)
and
is a non-trivial normal subgroup of Gv
N is not semiregular and hence Nv
Γ− (v)
is also transitive.
therefore is transitive. The same argument yields that Nv
Γ− (v)
Γ+ (u)
~
are both transitive.
and Nv
Let (u, v) be an arc of Γ. We have just seen that Nu
This implies that Γ+ (u) ⊆ v N and Γ− (v) ⊆ uN . On the other hand, N is abelian and
hence Nu fixes uN pointwise and Nv fixes v N pointwise. It follows that the alternet of ~Γ
with respect to (u, v) is not degenerate and is complete bipartite.
If ~Γ is not loosely attached then it follows that, for every vertex x, there exists at least
one other vertex y such that ~Γ− (x) = ~Γ− (y) and ~Γ+ (x) = ~Γ+ (y). It follows easily that ~Γ
has a non-identity semiregular automorphism in this case.
We may thus assume that ~Γ is loosely attached. Let ~Γ0 = Al(~Γ) be the digraph of
alternet of ~Γ. It follows from [10, Lemmas 3.1-3.3] that ~Γ0 is a connected asymmetric
digraph of out-valence 4 and that G = Aut(~Γ0 ). It also follows easily that an automorphism
which is semiregular on ~Γ0 is also semiregular on ~Γ.
Note that |V(~Γ0 )| = |V(~Γ)|/4 and hence we may apply the induction hypothesis to
0
~Γ to conclude that it has a non-identity semiregular automorphism g. Together with the
observation in the previous sentence, this concludes the proof.

3

Proof of Theorem 1.2

Let Γ be an arc-transitive graph of valency 8. We must show that Γ has a non-identity
semiregular automorphism.
Clearly, we may assume that Γ is connected. Let G = Aut(Γ). If Γ is locallyΓ(v)
quasiprimitive then the result follows from Theorem 1.1. We therefore assume that Gv
Γ(v)
is not quasiprimitive. By Lemma 2.4, Gv is a {2, 3}-group and hence, by Lemma 2.5,
so is Gv . We may also assume that G itself is a {2, 3}-group and hence it is solvable by
Burnside’s Theorem.
It follows that G has an elementary abelian minimal normal subgroup N . If N has at
most two orbits then the result follows from Lemma 2.2. We may thus assume that N has
Γ(v)
at least three orbits and, in particular, Nv
is intransitive. If N is semiregular then the
Γ(v)
conclusion follows. We may thus assume that Nv 6= 1 and hence Nv
6= 1. In particular,
Γ(v)
Γ/N has valency strictly less than 8 and Nv is a non-trivial, intransitive normal subgroup
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Γ(v)

Γ(v)

Γ(v)

Γ(v)

of Gv . Since the orbits of Nv
are blocks of Gv it follows that Nv
is a 2-group
and hence N is an elementary abelian 2-group. Let K be the kernel of the action of G on
N -orbits.
If Γ/N is 4-valent then v is adjacent to at most two vertices from any N -orbit. It follows
Γ(v)
that Kv
is a 2-group and hence so are Kv and K. If |V(Γ/N )| is a power of 2 then so
is |V(Γ)| and the result follows from Lemma 2.1. We may thus assume that |V(Γ/N )| is
not a power of 2 and, by Lemma 2.6, G/K contains a semiregular element of odd order. It
then follows from Lemma 2.3 that G contains a semiregular element of odd order.
It remains to deal with the case when Γ/N is 2-valent. In this case, there is a natural
orientation of Γ as a connected asymmetric 4-valent digraph ~Γ and Aut(~Γ) is a subgroup
of index 2 in G. By Theorem 2.7, Aut(~Γ) has a semiregular element. This concludes the
proof.
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