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Abstract
We prove lower bounds on the maximum genus of a graph in terms of its connectivity and Betti number (cycle rank). These bounds are tight for all possible values of
edge-connectivity and vertex-connectivity and for both simple and non-simple graphs. The
use of Nebeský’s characterization of maximum genus gives us both shorter proofs and a
description of extremal graphs. An additional application of our method shows that the
maximum genus is almost additive over the edge cuts.
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1

Introduction

We study cellular embeddings of graphs in orientable surfaces of large genus. Suppose that
G is a connected graph with v vertices and e edges embedded with f faces on an orientable
surface of genus g, denoted here by Sg . Our goal is to find the maximum genus of G,
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γM (G), which is the maximum value of g over all cellular embeddings of G. The EulerPoincaré formula asserts that v − e + f = 2 − 2g. By combining this formula with the
formula β(G) = 1 − v + e for the Betti number (cycle rank) of G we get f − 1 = β − 2g.
Since the maximum genus g corresponds to the minimum number of faces f and since
every embedding has at least one face, f − 1 (or equivalently β − 2g) measures how far
the embedding is from the extreme of only one face. We call this quantity the deficiency ξ
of the embedding. The deficiency of G, ξ(G), is the minimum deficiency over all possible
embeddings, and so ξ(G) = β(G) − 2γM (G). Note that ξ(G) always has the same parity
as β(G). In particular, an embedding of a graph with odd Betti number always has at least
two faces and hence deficiency at least one. A graph with deficiency 0 or 1 is called upper
embeddable. For more background on the maximum genus we refer the reader to [3].
In this paper we give lower bounds N on the maximum genus of graphs in various
classes C defined by the graph’s Betti number and edge-connectivity. The graphs are allowed to have loops and multiple edges; if these are forbidden we say that the graph is
simple. Our results can be rephrased as “Every graph in C has an embedding in a surface
with at least N handles”. We also get analogous results for Betti number and vertexconnectivity. These classes have been examined before [2, 4, 5, 7, 8, 11], nevertheless, we
present a unified approach with new, much shorter proofs, providing additional information
about the structure of the extremal graphs.
In addition to the bounds on the maximum genus of a graph in terms of its connectivity,
we explore the relationship between the maximum genus of a graph and the maximum
genera of components resulting from the removal of an edge-cut. By an edge-cut in a graph
G we mean a minimal set F of edges that separate two sets of vertices V1 and V2 forming a
partition {V1 , V2 } of the vertex-set of G; every edge from F has precisely one vertex in each
of V1 and V2 . We show that the maximum genus of a graph is almost additive over its edgecuts (in a sense to be made clear in Section 3). We also investigate a related question asking
for the smallest size of an edge-cut that can separate a non-upper-embeddable component.
The primary tool used in this paper is Nebeský’s Theorem [12], stated below as Theorem 1.1 (or its equivalent version due to Khomenko and Glukhov [9] stated later in Equation 3.4). Let G be a connected graph and let A be a set of its edges. Let oc(G − A) denote
the number of components of G − A with odd Betti number and ec(G − A) the number of
those with even Betti number. Let
ν(G, A) = ec(G − A) + 2oc(G − A) − |A| − 1.
Theorem 1.1 (Nebeský [12]). The deficiency of a graph G is given by
ξ(G) = max{ν(G, A) : A ⊆ E(G)}.
The idea behind Nebeský’s Theorem is easy and its understanding is important to this
paper. Consider a maximum-genus embedding of G with f faces. Delete the edges of A
one at a time. If deleting an edge increases the number of components, then we embed each
new component on its own connected surface. With this convention, deleting an edge can
increase the total number of faces, but by at most one. Hence the embedding of G − A has
at most f +|A| faces. If a component of G−A has odd Betti number, then its surface has at
least two faces. If the Betti number is even, then its surface has at least one face. It follows
that f + |A| ≥ ec(G − A) + 2oc(G − A), and so ξ(G) = f − 1 ≥ ν(G, A). Nebeský’s
Theorem also asserts that there is a set A of edges in a maximum genus embedding that
reverses the steps just described; the proof in this direction is more difficult.
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Previous results relating maximum genus, connectivity, and the Betti number mostly
used Xuong’s Theorem [15] to determine the maximum genus. It is our use of Nebeský’s
alternative characterization [12] that gives us new insights and shorter proofs; these techniques were first introduced in an earlier unpublished version of this paper (1996).

2

Graphs with given connectivity

In this section we state and prove our results giving upper bounds on the deficiency of
graphs with a particular Betti number and connectivity. We then translate these results to
give lower bounds on the maximum genus. We need several observations before proceeding.
First, note that if G has a vertex v of degree one, then γM (G − v) = γM (G). If v is of
degree two, then we can replace its two incident edges with a single edge joining the other
two incident vertices. This does not change the maximum genus, but can turn a simple
graph into a non-simple one. Since simple and non-simple graphs behave differently, the
statements of our results are cleaner if we forbid degree two vertices. Hence we require
that our graphs are of minimum degree at least three.
The proofs involve calculating ν(G, A) and bounding β(G) from below. Different
types of components in G − A will play different roles. Let c0 = c0 (G − A) be the number
of components in G − A with Betti number zero. Let c1 denote those components with
Betti number one. Let c2 be the number of components with even Betti number at least 2,
and c3 be the number of components with odd Betti number at least 3. With this notation
observe that
ν(G, A) = c0 + 2c1 + c2 + 2c3 − |A| − 1.
(2.1)
To bound the Betti number of G, first note that G − A has components whose Betti
numbers sum to at least c1 + 2c2 + 3c3 . Adding in c0 + c1 + c2 + c3 − 1 edges from A, we
can build a connected graph whose Betti number is also at least c1 + 2c2 + 3c3 . Adding the
remaining edges in A increases the Betti number by |A| − (c0 + c1 + c2 + c3 − 1). Hence
β(G) ≥ −c0 + c2 + 2c3 + |A| + 1.

(2.2)

We are now ready for the first version of our main result.
Theorem 2.1. Let G be a graph of minimum degree at least three. Then upper bounds on
the deficiency ξ(G) are given in following table. The rows correspond to edge-connectivity
k = 1, 2, 3, or ≥ 4. The same bounds hold where k is the vertex-connectivity and are
achieved by graphs of arbitrarily large Betti number.
k
1
2
3
≥4

simple
(β(G) − 2)/2 (β(G) 6= 3)
(β(G) − 4)/3 (β(G) 6= 3, 5)
(β(G) − 4)/3 (β(G) 6= 3, 5)
1

non-simple
β(G)
β(G) − 2
(β(G) − 4)/3 (β(G) 6= 3, 5)
1

Proof. We prove the upper bounds for k-edge-connected graphs G. Since k-vertex-connected implies k-edge-connected, the bounds also hold for vertex-connectivity. We achieve
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the bounds with k-vertex-connected graphs, so the bounds are best possible in both cases.
The proof has five main cases.
Case (i). We begin with possibly non-simple graphs having edge connectivity (or vertex
connectivity) k ≥ 4. First observe that ν(G, ∅) is 0 when β(G) is even and is 1 when
β(G) is odd. We will show that no 4-edge-connected G has a non-empty subset A with
ν(G, A) > 0. As a consequence, any such graph is upper-embeddable and the bounds
in our table are best possible. This result has been noted by many authors, usually using
Kundu’s Theorem [10] combined with Xuong’s Theorem [15].
To establish the inequality, first note that if A is non-empty and G−A is connected, then
ν(G, A) ≤ 0. If G − A is disconnected, then each component of G − A is incident with at
least 4 edges in A. Counting edge ends and dividing by 2 we get |A| ≥ 2c0 +2c1 +2c2 +2c3 .
Substituting in Equation 2.1 gives ν(G, A) ≤ −c0 − c2 − 1 < 0 as desired.
Case (ii). We next consider graphs that are either 3-edge-connected and non-simple or
2-edge-connected and simple. The bound for simple graphs was first shown in [2].
Let A be a non-empty subset of edges. We need to show that ν(G, A) ≤ (β(G) − 4)/3.
Substituting Equation 2.1 for ν(G, A), Equation 2.2 for β(G), and simplifying, it suffices
to show that
2|A| ≥ 2c0 + 3c1 + c2 + 2c3 .
(2.3)
If G is 3-edge-connected, then every component is incident with at least three edgeends from A. Hence 2|A| ≥ 3(c0 + c1 + c2 + c3 ) implying Equation 2.3. The bound is
achieved if and only if c0 = c2 = c3 = 0.
If G is 2-edge-connected and simple, then every component of G−A contributing to c0
is incident with at least 3 edges (by minimum degree at least 3). A component contributing
to c1 is incident with at least 3 edges by simplicity. The remaining components are incident
with 2 edges by connectivity. Hence 2|A| ≥ 3c0 + 3c1 + 2c2 + 2c3 . Again, Equation
2.3 is shown and the bounds follow. The bound is achieved if and only if c0 = c2 = 0,
every component contributing to c1 is a triangle and every component contributing to c3 is
incident with precisely 2 edges from A.
If A is an empty set of edges, then ν(G, A) = 0 or 1, depending on whether β(G) is
even or odd respectively. This is less than (β(G) − 4)/3 unless β(G) = 3 or 5, hence the
two excluded cases.
One way to achieve the above bound is to replace every vertex of a 3-connected simple
graph with a triangle so that every vertex is of degree three. Here the set A corresponds to
all of the original edges in the graph. This example shows that the bound is best possible
in both classes.
Case (iii). The next case is when G is simple and connected, first done in [4]. As before,
we need to show that ν(G, A) ≤ (β(G) − 2)/2 for every pair (G, A). Again substituting
in Equations 2.1 and 2.2, it suffices to show that
µ(G, A) := 3|A| − (3c0 + 4c1 + c2 + 2c3 ) + 1 ≥ 0.

(2.4)

Our goal is to show that there is a pair (G, A) minimizing µ with a certain structure,
allowing us to show that µ(G, A) ≥ 0. We start by choosing a pair (G, A) minimizing
µ(G, A) where A is minimal with respect to inclusion, and proceed by proving several
claims about (G, A).
Claim 1: Every edge from A joins two distinct components of G − A.
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If there were an edge x such that both ends of x are incident with a single component
of G − A, then µ(G, A − {x}) ≤ µ(G, A), which contradicts the minimality of A.
Claim 2: Each component of G − A has odd Betti number.
To see this, first note that c0 = 0. If not, we could replace an acyclic component with
a cycle of suitable length incident with the same edges of A as the original component to
obtain a simple graph G0 with minimum degree at least 3. For the resulting pair (G0 , A) we
have µ(G0 , A) < µ(G, A), which contradicts the minimality of µ. We further observe that
c2 = 0. If not, we could replace a component contributing to c2 with a suitable subdivision
of K4 contributing to c3 . This can always be done in such a way that the resulting graph
G0 is simple and has minimum degree at least 3. However, µ(G0 , A) < µ(G, A), again
contradicting the minimality of µ.
Claim 3: No component of G − A is incident with exactly two edges of A.
Suppose there were such a component C, and let e, f denote the edges from A incident
with C. As shown above, β(C) is odd, and since G is simple and has minimum degree
at least three, β(C) ≥ 3. Consider a pair (G0 , A0 ) constructed by deleting C from G
and joining the other ends of the edges incident with C. It is not difficult to see that G0
has minimum degree at least three and that µ(G0 , A0 ) < µ(G, A); however, the graph G0
may not be simple. If the graph G0 is simple, then µ(G0 , A0 ) < µ(G, A) contradicts the
minimality of µ. If G0 is not simple, then we distinguish two cases: e and f join C with
either one or two components of G − A.
If there is one component, it can contribute to µ by at most 4. It follows that µ(G, A −
{e, f }) ≤ µ(G, A), contradicting the minimality of A.
If there are two components call them D1 and D2 . Then joining the ends of e and f in
G creates a pair of parallel edges in G0 . Moreover, this implies that D1 and D2 are joined
by some edge in A, say g. As both D1 and D2 can contribute to µ by at most 4 and C
contributes by 2, it follows that µ(G, A − {e, f, g}) ≤ µ(G, A), again contradicting the
minimality of A.
Claim 4: A component C of G − A has β(C) = 1 if and only if it is incident with at least
three edges of A.
Let C be a component of G − A incident with at least three edges. If β(C) ≥ 3, then
we can replace it with a cycle of suitable length to obtain a simple graph G0 with minimum
degree at least 3. For the resulting pair (G0 , A0 ) we again have µ(G0 , A0 ) < µ(G, A), a
contradiction. If D is a component incident with just one edge of A, then the simplicity
and the minimum degree of G guarantee that β(D) ≥ 3. This proves Claim 4.
Having established some properties of G − A, we return to the proof of Case (iii).
Form the graph H = G/(G − A) from G by contracting each component of G − A into a
vertex. Note that |E(H)| = |A| and that H has no vertices of degree 2. As H is connected,
|E(H)| ≥ c1 + c3 − 1. Denote the number of vertices of degree 1 in H by v1 and the
number of vertices of degree at least 3 by v3 . Observe 2|E(H)| ≥ 3v3 + v1 = 3c1 + c3 .
By adding the two inequalities we get 3|E(H)| = 3|A| ≥ 4c1 + 2c3 − 1. Substituting this
into (2.4) yields
µ(G, A) = (4c1 + 2c3 − 1) − (4c1 + 2c3 ) + 1 = 0.
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To achieve the bound (β(G) − 2)/2 ≥ ν(G, A), start with any tree H having only
vertices of degree 1 or 3. Replace each degree three vertex with a triangle and each degree
one vertex with a copy of K4 (possibly with one edge subdivided) so that every vertex has
degree at least three.
Case (iv). We next turn to the case where G is non-simple and 2-edge-connected. Every
component is incident with at least two edges in A, so |A| ≥ c0 + c1 + c2 + c3 . This gives
ν(G, A) ≤ c1 + c3 − 1 and β(G) ≥ c1 + 2c2 + 3c3 + 1. To maximize ν with an upper
bounded β we must have c2 = c3 = 0. Hence ν(G, A) ≤ β(G) − 2, giving another entry
in our table. This bound is achieved by the graph formed by replacing every other edge of
the cycle C2n with two edges in parallel. These graphs are the necklaces of [2].
Case (v). When G is non-simple and 1-edge-connected we have |A| ≥ c1 + c2 + c3 − 1.
This gives ν(G, A) ≤ β(G) as desired. The bound is achieved by duplicating every other
edge on a path with an even number of edges and contracting one of the two edges incident
with a vertex of degree two. Complete characterization of non-simple 1-edge-connected
graphs achieving this bound can be found in [13].
We have completed filling in the table and the proof of our theorem.
Recall that for a graph G embedded in the surface Sg , we have f − 1 = β(G) − 2g, and
hence ξ(G) = β(G) − 2γM (G). We use this formula to translate the upper bounds on ξ to
lower bounds on the maximum genus γM , giving the following second form of our main
result.
Theorem 2.2. Let G be a graph of minimum degree at least three. Then lower bounds
on the maximum γM (G) are given in following table. The rows correspond to edgeconnectivity k = 1, 2, 3, or ≥ 4. The same bounds hold where k is the vertex-connectivity
and are achieved by graphs of arbitrarily large Betti number.
k
1
2
3
≥4

simple
(β(G) + 2)/4 (β(G) 6= 3)
(β(G) + 2)/3 (β(G) 6= 3, 5)
(β(G) + 2)/3 (β(G) 6= 3, 5)
(β(G) − 1)/2

non-simple
0
1
(β(G) + 2)/3 (β(G) 6= 3, 5)
(β(G) − 1)/2


We note that our table is slightly different than the one in [2] where, for example, they
give the lower bound dβ(G)/3e for the maximum genus of 2-edge-connected simple graphs
of minimum degree at least 3. Both bounds are tight. They are achieved only for graphs
with β(G) congruent to one modulo three, when the bounds are the same.

3

Edge-cuts

We now investigate the relationship between the deficiency of a graph and the deficiency of
components resulting from the removal of an arbitrary edge-cut. Our motivation is twofold.
First, the assumptions concerning arbitrary edge-cuts are much weaker than the connectivity requirements used in Section 2. Second, similar ideas were pursued by Jaeger, Payan,
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and Xuong [6] who proved that, under natural parity conditions, a graph that can be separated by an edge-cut into two upper-embeddable components is itself upper-embeddable.
Our aim is to generalize this result by replacing upper-embeddability with an arbitrary deficiency. The resulting lower bound for deficiency suggests the following question: “What is
the minimum size of an edge-cut that can separate a non-upper-embeddable component in a
k-edge-connected graph for k ≥ 4?” Our final result, Theorem 3.4, answers this question.
As in the previous section, a crucial role is played by various types of components
depending on their Betti numbers. Let F be a fixed edge-cut of a connected graph G
with components G1 and G2 . Let A be an arbitrary subset of edges of G. We distinguish
between two types of components of G − A: a pure component has its vertices entirely in
G1 or entirely in G2 , while a mixed component is incident with vertices in both. Let d0
denote the number of mixed components of G − A with even Betti number. Let d1 denote
the number of pure components of G − A with even Betti number and with vertices from
G1 . Define d2 similarly for pure components with vertices from G2 . Finally, let d3 , d4 , and
d5 denote the odd counterparts of d0 , d1 , and d2 , respectively. Notice that pure components
contribute to d1 , d2 , d4 , and d5 and mixed components contribute to d0 and d3 .
With this notation, Theorem 1.1 implies the following:
ξ(G) ≥
=

ν(G, A) = ec(G − A) + 2oc(G − A) − |A| − 1
d0 + d1 + d2 + 2d3 + 2d4 + 2d5 − |A| − 1.

(3.1)

We now proceed to the main result of this section, Theorem 3.1. To show that the
bounds stated in it are tight we need one more ingredient, Xuong’s Theorem [15]: The
deficiency of a graph G equals the minimum number of components with odd number of
edges (which we call odd for short) in the subgraph G − E(T ), where the minimum is
taken over all spanning trees T of G.
Theorem 3.1. Let G be a connected graph and let F be an edge-cut such that G − F has
precisely two components G1 and G2 . Then
ξ(G1 ) + ξ(G2 ) − |F | + 1 ≤ ξ(G) ≤ ξ(G1 ) + ξ(G2 ) + 1,
both bounds being tight. Equivalently,
γM (G1 ) + γM (G2 ) + |F |/2 − 1 ≤ γM (G) ≤ γM (G1 ) + γM (G2 ) + |F | − 1.
Proof. First we show that ξ(G) ≤ ξ(G1 ) + ξ(G2 ) + 1. Let A be some set of edges of G
maximal with respect to inclusion such that ξ(G) = ν(G, A). Set Ai = A ∩ E(Gi ) for
i ∈ {1, 2} and note that
A − (A1 ∪ A2 ) = A ∩ F.
(3.2)
Our goal is to bound the values of ν(G1 , A1 ) and ν(G2 , A2 ). Pure components are also
components of either G1 − A1 or G2 − A2 . Therefore, a pure component contributing to
d1 or d2 increases the value of ν(G1 , A1 ) or ν(G2 , A2 ) by precisely 1. Pure components
contributing to d4 or d5 increase the value of ν(G1 , A1 ) or ν(G2 , A2 ) by precisely 2.
If D is a mixed component, then D −F has at least one component contained in G1 and
at least one component contained in G2 . Therefore D increases ν(G1 , A1 ) + ν(G2 , A2 )
by at least 2. Note that if β(D) is even (that is, if D contributes to d0 ), then D increases
ν(G, A) only by one. It follows that
ec(G1 , A1 ) + 2oc(G1 , A1 ) + ec(G2 , A2 ) + 2oc(G2 , A2 )
≥

2d0 + d1 + d2 + 2d3 + 2d4 + 2d5 .

(3.3)
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Combining (3.1), (3.2), and (3.3) we get
ξ(G1 ) + ξ(G2 ) ≥ ν(G1 , A1 ) + ν(G2 , A2 )
=

ec(G1 , A1 ) + 2oc(G1 , A1 ) − |A1 | − 1 +
ec(G2 , A2 ) + 2oc(G2 , A2 ) − |A2 | − 1

≥

2d0 + d1 + d2 + 2d3 + 2d4 + 2d5 − |A1 | − |A2 | − 2

=

ec(G − A) + 2oc(G − A) + d0 − |A1 | − |A2 | − 2

=

ec(G − A) + 2oc(G − A) − |A| − 1 + d0 + |A − (A1 ∪ A2 )| − 1

= ξ(G) − 1 + |F ∩ A| + d0 ≥ ξ(G) − 1.
This establishes the upper bound on ξ(G).
To prove the lower bound, for i ∈ {1, 2} let Ai denote a set of edges of Gi maximal
with respect to inclusion such that ν(Gi , Ai ) = ξ(Gi ). Set A = A1 ∪A2 ∪F and calculate:
ξ(G) ≥ ν(G, A) = ec(G − A) + 2oc(G − A) − |A| − 1
=

ec(G1 − A1 ) + ec(G2 − A2 ) + 2oc(G1 − A1 ) +
2oc(G2 − A2 ) − |A1 | − |A2 | − |F | − 1

= ν(G1 , A1 ) + ν(G2 , A2 ) − |F | + 1 = ξ(G1 ) + ξ(G2 ) − |F | + 1.
This establishes the lower bound on ξ(G).
To see that both bounds are tight, take two copies of the dipole Dn , which has two
vertices and n parallel edges, and join the copies by two independent edges e and f . Let
G be the resulting graph. Using Xuong’s Theorem it is easy to verify that ξ(Dn ) = 1 if
n is even, ξ(Dn ) = 0 if n is odd, and that ξ(G) = 1. Let F = {e, f } and let G1 and G2
be the components of G − F . Then ξ(G) = ξ(G1 ) + ξ(G2 ) − |F | + 1 if n is even, and
ξ(G) = ξ(G1 ) + ξ(G2 ) + 1 if n is odd.
Theorem 3.1 and the fact that ξ(G) and β(G) have the same parity give a shorter proof
for the following result of Jaeger, Payan, and Xuong [6].
Corollary 3.2. Let G be a connected graph and let F be an edge-cut of G such that G − F
has precisely two components G1 and G2 , both upper-embeddable. Then G is upperembeddable provided that both β(G1 ) and β(G2 ) are even, or precisely one of β(G1 ) and
β(G2 ) is even and β(G) is odd.

In the final part of the proof of Theorem 3.1 we have shown that the lower bound on
ξ(G) is tight in the class of 2-edge-connected graphs. Our next example shows that the
lower bound is tight also in the class of 3-edge-connected graphs.
Example 3.3. We construct a rich infinite family of 3-edge-connected graphs G containing
an edge-cut F whose removal produces two components G1 and G2 such that ξ(G) =
ξ(G1 ) + ξ(G2 ) − |F | + 1. Recall that the truncation of a cubic graph H is a cubic graph
t(H) obtained by expanding every vertex of H into a triangle.
Let us start with connected cubic graphs H1 and H2 without loops, of order n1 and n2 ,
respectively, both greater than 2. Take their truncations G1 = t(H1 ) and G2 = t(H2 ), and
connect G1 to G2 by a set F = {f0 , f1 , f2 } of three edges arbitrarily. Let G be the resulting
graph; it is easy to see that if H1 and H2 are 3-edge-connected, so is G. Bouchet [1] proved
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that ξ(Gi ) = ni /2 − 1 (see [14, Theorem 3.3] for a different proof). We now show that
ξ(G) = ξ(G1 ) + ξ(G2 ) − 2 = ξ(G1 ) + ξ(G2 ) − |F | + 1 = (n1 + n2 )/2 − 4.
For i ∈ {1, 2} let Ai be the set of edges of Gi not lying in a triangle, and let A =
A1 ∪ F ∪ A2 . Since |A| = 3 + 3(n1 + n2 )/2 and G − A consists of n1 + n2 triangles,
Nebeský’s Theorem implies that ξ(G) ≥ ν(G, A) = 2(n1 + n2 ) − 3(n1 + n2 )/2 − 3 − 1 =
ξ(G1 ) + ξ(G2 ) − 2. To prove the reverse inequality, we take in each Hi a spanning tree Si
such that all components of Hi − E(Si ) are paths; it is not difficult to see that this choice
is indeed possible [14, Theorem 3.1]. Extend Si to a spanning tree Ti of Gi by including in
Ti two edges from each triangle of Gi . This can be done in such a way that a component of
Hi − E(Si ), which is a path of length m ≥ 0, becomes a path of length 2m + 1 constituting
a component of Gi − E(Ti ). A straightforward calculation reveals that there are ni /2 − 1
such components in Gi −E(Ti ), all other components being isolated vertices. In particular,
Gi −E(Ti ) has ni /2−1 = ξ(Gi ) odd components. Form a spanning tree T of G by adding
the edge f0 to T1 ∪ T2 . Clearly, T is also a spanning tree of G0 = G − {f1 , f2 } and the
corresponding cotree has (n1 + n2 )/2 − 2 = ξ(G1 ) + ξ(G2 ) = ξ(G0 ) odd components.
We now add f1 and f2 to G0 one by one and modify T , if necessary, each time absorbing
one odd component.
Pick f1 and note that each of its end-vertices belongs to a component P1 of G1 −E(T1 )
or a component P2 of G2 − E(T2 ). Clearly, P1 ∪ {f1 } ∪ P2 is a component of (G0 + f1 ) −
E(T ). If P1 and P2 have different parity, then P1 ∪ {f1 } ∪ P2 is even, implying that the
cotree (G0 + f1 ) − E(T ) has ξ(G1 ) + ξ(G2 ) − 1 odd components. If both P1 and P2 are
odd, then P1 ∪ {f1 } ∪ P2 is an odd component of (G0 + f1 ) − E(T ) and therefore the cotree
(G0 + f1 ) − E(T ) has ξ(G1 ) + ξ(G2 ) − 2 + 1 odd components. It remains to consider the
case where P1 and P2 are both even. Let v be the end-vertex of f1 in G1 , and let K be the
triangle of G1 containing v. The construction of T1 implies that P1 coincides with v and
that both edges of K incident with v belong to T1 ; take one of them, say k. The third edge
of K, denoted by q, belongs to G1 −E(T1 ), and the component P of G1 −E(T1 ) containing
it is an odd path. Note that P − q consists of two even paths, possibly trivial. It follows that
T 0 = T + k − q is a spanning tree of G0 + f1 such that the component of (G0 + f1 ) − E(T 0 )
containing f1 is no more odd. Hence, the cotree (G0 + f1 ) − E(T 0 ) has ξ(G1 ) + ξ(G2 ) − 1
odd components, which in turn implies that ξ(G0 + f1 ) ≤ ξ(G1 ) + ξ(G2 ) − 1.
To finish the proof that ξ(G) ≤ ξ(G1 ) + ξ(G2 ) − 2 we add f2 to G0 + f1 and proceed
similarly, except that we modify T2 instead of T1 .

We next turn our attention to 4-edge-connected graphs. Our next result exhibits a dramatic change in the behavior with regard to the smallest size of an edge-cut that can separate
a component with large deficiency: the size of an edge-cut that separates a component with
deficiency m must be at least linear in m.
A leaf of a graph is a 2-edge-connected subgraph maximal with respect to inclusion.
For a graph H, let ol(H) denote number of leaves of H with odd Betti number. The
following equivalent version of Nebeský’s theorem holds for every connected graph G
(see [9]):
ξ(G) = max{ol(G − A) − |A| : A ⊆ E(G)}.

(3.4)

Theorem 3.4. Let G be a k-edge-connected graph with k ≥ 4 and let F be an edge-cut of
G whose removal produces a component with deficiency at least m. Then
|F | ≥ (k − 2)m + 2.
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Proof. Let H be a component of G − F with ξ(H) ≥ m. Each edge of F has at most
one end in H. Choose a subset A ⊆ E(H) such that ξ(H) = ol(H − A) − |A| and let
l = ol(H − A). As G is k-edge-connected, every leaf from H − A must be incident with
at least k edges in G. These edges can be only from F , from A, or they can be bridges of
H − A. There are l − 1 bridges in H − A. It follows that
kl ≤ |F | + 2(l − 1) + 2|A|.

(3.5)

By substituting l − ξ(H) for |A| in (3.5) and manipulating the resulting expression we
derive
|F | ≥ 2ξ(H) + l(k − 4) + 2.
For k = 4 we get
|F | ≥ 2ξ(H) + 2 = (k − 2)ξ(H) + 2 ≥ (k − 2)m + 2,
as required. If k ≥ 5, then k − 4 ≥ 1, and using the fact that l ≥ ξ(H) we obtain
|F |

≥

2ξ(H) + l(k − 4) + 2 ≥ 2ξ(H) + ξ(H)(k − 4) + 2

≥

(k − 2)ξ(H) + 2 ≥ (k − 2)m + 2.

This again gives the required inequality.
The following corollary follows directly from Theorem 3.4.
Corollary 3.5. If G is a k-edge-connected graph with k ≥ 4 and F is an edge cut of G
such that a component of G − F is not upper-embeddable, then |F | ≥ 2k − 2.

Let G be a 4-edge-connected graph and let F be an edge-cut separating it into components G1 and G2 . Assuming that m = ξ(G1 ) ≥ ξ(G2 ), Theorem 3.4 implies that
|F | ≥ (k − 2)m + 2 ≥ 2m + 2. Therefore, ξ(G1 ) + ξ(G2 ) − |F | + 1 is always negative
and the lower bound in Theorem 3.1 cannot be achieved for 4-edge-connected graphs.
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