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Abstract

A connected dominating set in a graph is a dominating set of vertices that induces a
connected subgraph. Following analogous studies in the literature related to independent
sets, dominating sets, and total dominating sets, we study in this paper the class of graphs
in which the connected dominating sets can be separated from the other vertex subsets
by a linear weight function. More precisely, we say that a graph is connected-domishold
if it admits non-negative real weights associated to its vertices such that a set of
vertices is a connected dominating set if and only if the sum of the corresponding weights
exceeds a certain threshold. We characterize the graphs in this non-hereditary class in
terms of a property of the set of minimal cutsets of the graph. We give several charac-
terizations for the hereditary case, that is, when each connected induced subgraph is re-
quired to be connected-domishold. The characterization by forbidden induced subgraphs
implies that the class properly generalizes two well known classes of chordal graphs,
the block graphs and the trivially perfect graphs. Finally, we study certain algorithmic
aspects of connected-domishold graphs. Building on connections with minimal cutsets and
properties of the derived hypergraphs and Boolean functions, we show that our
approach leads to new polynomially solvable cases of the weighted connected dominating
set problem.

Keywords: Connected dominating set, connected domination, connected-domishold graph, forbidden
induced subgraph characterization, split graph, chordal graph, minimal cutset, minimal separator,
1-Sperner hypergraph, threshold hypergraph, threshold Boolean function, polynomial-time algorithm.
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Povzetek

Povezana dominantna mnoZica v grafu je dominantna mnoZica tock, ki inducira povezan
podgraf. Po zgledu sorodnih raziskav v literaturi o neodvisnih mnoZicah, dominantnih
mnoZicah in totalno dominantnih mnoZicah v tem ¢lanku raziskujemo razred grafov, v
katerem lahko povezane dominantne mnoZice tock lo¢imo od ostalih podmnozZic tock z li-
nearno uteZno funkcijo. Natancneje, pravimo, da je graf povezano dominantno pragoven,
¢e lahko njegovi mnoZici tock priredimo take nenegativne realne uteZi, da je mnoZica
tock povezana dominantna mnoZica natanko tedaj, ko vsota uteZi njenih elementov pre-
seze dolocen prag. Grafe tega nehereditarnega razreda karakteriziramo s pomoc¢jo mnozice
minimalnih prerezov grafa. Podamo tudi vec karakterizacij za hereditarni primer, tj. ko se
za vsak povezan induciran podgraf zahteva, da je povezano dominantno pragoven. Karak-
terizacija s prepovedanimi induciranimi podgrafi implicira, da je ta razred grafov prava pos-
plositev dobro znanih razredov tetivnih grafov, blo¢nih grafov in trivialno popolnih grafov.
Preucujemo tudi doloCene algoritmicne vidike povezano dominantno pragovnih grafov. Na
podlagi povezav z minimalnimi prerezi in lastnostmi izpeljanih hipergrafov in Boolovih
funkcij pokaZemo, da nas pristop vodi k novim polinomsko resljivim primerom problema
uteZene povezane dominantne mnoZice.

Kljucne besede: Povezana dominantna mnoZica, povezana dominantnost, povezano dominantno pra-
goven graf, karakterizacija s prepovedanimi induciranimi podgrafi, razcepljen graf, tetiven graf, mi-
nimalen prerez, minimalen separator, 1-Spernerjev hipergraf, pragoven hipergraf, pragovna Boolova
funkcija, algoritem polinomske casovne zahtevnosti.
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